We estimate the neutrino emission from the decay chain of the π-meson and µ-lepton, produced by proton-proton inelastic scattering in energetic (Eiso 10 52 erg) long gamma-ray bursts (GRBs), within the type I binary-driven hypernova (BdHN) model. The BdHN I progenitor is binary system composed of a carbon-oxygen star (COcore) and a neutron star (NS) companion. The COcore explosion as supernova (SN) triggers a massive accretion process onto the NS. For short orbital periods of few minutes, the NS reaches the critical mass, hence forming a black hole (BH). Recent numerical simulations of the above scenario show that the SN ejecta becomes highly asymmetric, creating a cavity around the newborn BH site, due to the NS accretion and gravitational collapse. Therefore, the electron-positron (e ± ) plasma created in the BH formation, during its isotropic and expanding self-acceleration, engulfs different amounts of ejecta baryons along different directions, leading to a direction-dependent Lorentz factor. The protons engulfed inside the high-density (∼ 10 23 particle/cm 3 ) ejecta reach energies in the range 1.24 Ep 6.14 GeV and interact with the unshocked protons in the ejecta. The protons engulfed from the low density region around the BH reach energies ∼ 1 TeV and interact with the low-density (∼ 1 particle/cm 3 ) protons of the interstellar medium (ISM). The above interactions give rise, respectively, to neutrino energies Eν ≤ 2 GeV and 10 ≤ Eν ≤ 10 3 GeV, and for both cases we calculate the spectra and luminosity.
. Selected SPH simulations from [41] of a COcore exploding as SN in presence of a NS companion: Model '25m1p08e' with P orb = 4.8 min (left panel) and Model '25m3p1e' with P orb = 11.8 min (right panel). The pre-SN star is a COcore of mass MCO = 6.85 M , evolved from a 25 M zero-age main-sequence (ZAMS) progenitor. The initial mass of the NS companion is MNS = 2 M . The plots show the density colormap on the orbital plane. The coordinate system has been rotated and translated to place the NS companion at the origin (0, 0) and the νNS along the -x axis. The binary in the left panel is a BdHN I [37] and the snapshot is at the time of the collapse of the NS companion to a BH, t = 120 s from the SN shock breakout (t = 0 of the simulation). The right-panel binary leads to an BdHN II and the snapshot corresponds to t = 406 s after the SN trigger.
tem [40, 41] . Fig. 1 shows a snapshot of a BdHN I (left panel) and a BdHN II (right panel) taken from [37, 41] . The SN ejecta, although starts expanding in a spherically symmetric way, become highly asymmetric by the accretion process onto the NS [40, 41] and the BH formation [44] . Due to this morphology, the electron-positron (e + e − ) plasma created in the process of BH formation, which expands isotropically from the newborn BH site, experiences a different dynamics along different directions due to the different amounts of baryonic matter encountered [45] .
In the direction pointing from the CO core to the accreting NS, outwards and lying on the orbital plane, the NS and the BH formation cave a region characterized by very poor baryon pollution, a cavity (see Figs. 1 and 2; see also [40, 41, 46] ). The production and evolution of the e + e− plasma loaded with baryons have been studied in [47] [48] [49] by fully solving the hydrodynamic equations of motion. For the verification of this model in specific GRB sources see [50] [51] [52] [53] . These studies have been specialized in the case where the e + e − plasma engulfs a limited amount of baryons, characterized by a baryon load parameter B 10 −2 . The baryon load is defined as B ≡ M b c 2 /E e + e − , namely the ratio between the baryon rest-mass energy respect to the e + e − energy. Such low values of B allows the plasma to reach transparency with high Lorentz factor Γ ∼ 1/B 10 2 , needed to explain the gamma-ray prompt emission of the GRB. We denote with γ the Lorentz factor of a single particle, while we use Γ for the Lorentz factor of bulk motion.
In the other directions along the orbital plane, the e + e − plasma penetrates inside the SN ejecta at ∼ 10 8 -10 10 cm, and evolves engulfing much larger amounts of baryons, finally reaching transparency at 10 12 cm with Γ 4. The theoretical description and numerical simulations of this system in which the e + e − plasma engulfs much larger amounts of baryons (B ∼ 100) have been presented in [45] . It is important to recall that, therein, it has been also shown that the transparency of this plasma with such Lorentz factor explains the observed flares in the X-rays at nearly 100 s (rest-frame time) in the early GRB afterglow. The interactions 1) and 2) as described in the text: 1) the e + e − plasma propagates in the direction of high baryon load, e.g. B = 51.75, reaching Lorentz factor of up to Γ 7 in their travel inside the ejecta. The engulfed protons have such Γ and interact with the protons at rest, ahead of the plasma front, and deposited all of their energy. The dotted circular line represents the νNS-BH binary orbit; 2) protons engulfed by the e + e − p plasma propagate in the direction where the cavity is open. This plasma is loaded with a relatively low baryon content (e.g. B ∼ 10 −3 ), so the plasma reaches high Lorentz factor at transparency, Γ ∼ 10 2 -10 3 . The engulfed protons have such Γ factor and interact with the ISM protons at rest.
B. Characterizing the pp interactions in a BdHN I
From the above physical and geometrical description, we are ready to set up the properties of the incident and target protons. Therefore, at least two types of pp interactions occur in a BdHN I:
1. Interaction of the protons with Γ < 7 within the self-accelerated e + e − p plasma that penetrates the SN ejecta, with the unshocked protons ahead the plasma expansion front, at rest inside the ejecta (see Fig. 2 ).
2. Interaction of the protons with Γ ∼ 10 2 -10 3 engulfed in the self-accelerated e + e − p plasma in the direction of least baryon density around the newborn BH, with the protons at rest of the interstellar medium (ISM) ( see Fig. 2 ). We adopt that the plasma encounters the ISM clouds at a distance ∼ 10 16 cm from the system, as inferred from the time and value of Γ at transparency, and the agreement of the simulation of the GRB prompt emission with observational data (see e.g. [51] for details).
We shall carry out this analysis in detail in the fol-lowing sections. In section II, we compute the process of interaction during the initial stages of the expansion of the e + e − plasma inside the SN ejecta, namely the interaction 1). We show the different neutrino spectra emerging from the interaction. We consider for the crosssection of pp inelastic scattering the parameterization of Blattnig et al. [54] . We assume a monochromatic proton energy distribution derived from the value of the proton Lorentz factor at every radius of the shell expansion. In section III, we focus on the second type of interaction, the case 2). Since the protons energies are greater than in the case 1), i.e. E p ∼ 1 TeV, we use the parameterization by Kelner et al. [55] , both for the pp cross-section and the emerging particle spectra, that is appropriate for protons energies until 10 5 TeV. Finally, we discuss and summarize in section IV the main results of this work.
II. PP INTERACTIONS INSIDE THE HIGH-DENSITY EJECTA
We analyze here the pp interaction that occurs when the e + e − γ plasma starts to engulf the baryons present in the SN ejecta, forming a e + e − γp plasma (see Fig. 2 ). These accelerated baryons interact with the target baryons ahead of them, still at rest, by the following process:
The different decays of the ∆ ++ resonance depend on its energy. If it is a ∆ ++ (1232), it decays mainly in a nucleon and a pion (N + π) with branching ratio (B.R.)=99, 4%; higher ∆ decays in a nucleon plus a pion (N + π) with lower B.R. or in a ∆(1232) + π with the consequent decay of the ∆(1232) as before.
In order to study this phenomenon we have done relativistic hydrodynamic (RHD) simulations performed with a one-dimensional implementation of the RHD module included in the PLUTO code [56] . The simulation starts at the moment of BH formation, so the initial conditions are taken from the final configuration of the numerical simulations in [40] :
1. The SN remnant is obtained from the explosion of the CO core evolved from a zero-age main-sequence (ZAMS) star of mass M ZAMS = 30 M . This CO core has a total mass of 11.15 M , of which 2 M conform the mass of the νNS (collapsed iron core) and 9.15 M conform the total ejecta mass (envelope mass).
2. The orbital period is P ≈ 5 min, i.e. a binary separation a ≈ 1.5 × 10 10 cm.
3. The ejecta have negligible pressure and is considered to be in homologous expansion, v(r) ∝ r, spanning velocities from 10 8 cm s −1 of the innermost ejecta layer to 2 × 10 9 cm s −1 of the outermost one. The velocity of the remnant is however not relevant in the dynamics since the velocity of the e + e − plasma is much higher than the one of the remnant, hence the remnant is in practice at rest as seen from the plasma.
4. The baryon load of the e + e − plasma depends on the viewing angle. In the high density region it has a value of B = 51.75, according to the above ejecta properties.
5. The total isotropic energy of the e + e − plasma is set to E e + e − = 3.16 × 10 53 erg
Since throughout this expansion baryons are continuously engulfed, the spectrum of the secondary particles, the proton energy distribution, and the baryon number density n B depend all on the radial position of the shock. Taking snapshots of this process, we obtain the relative spectrum for each secondary particle within a thin shell close to the shock. In the end, we integrate all these spectra over the radius to have an estimate of the released energy through the different channels.
Considering that the protons follow a Maxwell-Boltzmann energy distribution in the comoving frame, it can be seen that the energy distribution in the laboratory frame is peaked enough to be well-approximated by a delta-function. Hence, we consider a monochromatic proton energy distribution
The value of E 0 p depends on the Lorentz factor γ(r). Due to momentum-energy conservation, γ decreases rapidly with time. Therefore, we focus on the first stages of the expansion when protons have enough energy to interact. We estimate the interactions from a radius r i where the γe ± plasma with engulfed protons has the maximum Lorentz factor, up to a final radius, r f , over which the proton energy goes below the interaction threshold energy (see below). Despite the threshold radius is at r th = 4.79×10 10 cm, in order to have clear spectra with enough points, from our numerical simulation, we find that this region extends from r i = 9.59 × 10 8 cm to r f = 2.98 × 10 10 cm, so ∆r = r f − r i = 2.88 × 10 10 cm. This can be compared with the total extension of the SN ejecta that is of the order of 10 12 cm [45] .
In the following section, we briefly describe how we extract from these simulations the physical quantities that we use to compute the particles spectra in section II B.
A. Physical quantities for the pp interaction
Since the baryons are engulfed time by time at every radius and because the reduced range of radii that we are considering, we make the assumptions that the interacting protons, already engulfed, are the ones on the expanding shock front, which have the maximum γ(r) factor and interact with protons of the ejecta, which can be safely assumed to be at rest (with respect to the shock).
The physical quantities that we need for our calculations at each radius are: the Lorentz factor, the energy of protons at the shock front, and the density of both the Clearly, this Lorentz factor of the protons in the shell is the same as the one of the shell bulk motion, i.e. γp = Γ, since outside the front the protons are roughly at rest with respect to the shell (the velocity of the remnant is much slower). The vertical lines are four selected radii: r1 = ri = 9.59 × 10 8 cm, r2 = 8.19 × 10 9 cm, r3 = 1.69 × 10 10 cm, and r f = 2.98 × 10 10 cm. We recall that at the position r = ri the protons have the maximum γ factor; for r = r f see the text.
shocked and unshocked material. In order to get these quantities, we have applied the following procedure (all the quantities are referred to the laboratory frame). First, we identify the shock front position from the data as the radius at which the pressure of the SN ejecta drops down abruptly.
Next, we estimate the density of the target protons at rest in the considered pp interaction. For this we take an average value for the radius and density of the remnant above the front of the plasma 1 .
At the point where the pressure drops down, we calculate the γ and the energy of the protons, which is given by E p (r) = γ(r)m p c 2 and corresponds to the maximum value inside the shell. The profile of the maximum values of the Lorentz factor, at every radius, is shown in Fig. 3 . From this figure we deduce that the range of protons energy is 1.24 ≤ E p ≤ 6.14 GeV. Then, the protons energies are enough to produce secondary particles. Indeed, the proton energy threshold to produce pions in the final state is, for the interaction pp → pnπ + , E p,T h = 1228 MeV and, for pp → ppπ 0 , E p,T h = 1217 MeV. We will study the ν production in the ∆r region above, but, from energetic reason of the interaction at this low energy, the main contribution comes from the highest energy proton (γ ∼ 6). also four vertical lines at fixed radii of reference: the first vertical line corresponds to the maximum energy of the protons. The last vertical line corresponds to the γ p factor at the radius r f (see above) (γ p = 1.878). In the following, we compute the particles spectra at these four specific radii. The number density of the target protons in the remnant varies between (5-8) × 10 23 cm −3 and then it can be assumed as constant in this region. Also, the proton number density at the front of the expanding shell does not vary much: 1.28 × 10 25 ≤ n sh ≤ 9 × 10 25 cm −3 , as shown in Fig. 4 . From this profile, one can deduce that, at the beginning of its expansion, the plasma do engulfs much matter, but, because of that, the γ factor starts to drop down, when the plasma continues to engulf more matter.
B. Particles spectra
We turn now to the spectra for the emerging particles from the decay of the π and the µ. We need to consider the fact that the µ can be unpolarized and polarized.
In order to obtain the pions production rate, we have used the parameterization for the pion production crosssection presented in [54] . In their work, they provide a useful formula for the production of the three types of pions (π 0 , π + , π − ) as a function of the pion and incident proton energy, dσ(E π , E p )/dE π , in two ranges of incident protons kinetic energy in the laboratory frame T lab p : 0.3 ≤ T lab p ≤ 2 GeV and 2 ≤ T lab p ≤ 50 GeV. The parameterization of the cross-section in [54] is appropriate for our calculations since it is accurate in the energy region of the present interest, namely E p < 7 GeV.
Then the pions production rate can be computed as
where J p (E p ) is the proton energy distribution, n p the number density of the target protons in the remnant,c the speed of light and E max p is the maximum energy of the protons in the system. Since we consider a fixed value for the proton energy, E 0 p , at the front of each spherical shell, we assume
where A is the baryon number density at front of the shell.
With this J p (E p ), the equation for the production rate Q π becomes
(3) With Eq. (3) for the π production rate, we can compute the spectra for all the particles. Because the cross-section for negative and positive pions are different, we need to distinguish between emerging particles from π − decay:
In each of the following paragraphs will be shown the spectra for each specific particle from both the mesons.
For each particle a, we are interested in calculating the total emitted energy and luminosity. First, we integrate for all possible energies,
We denote the spectrum of the produced particle a as Φ a = dN a /dE a , where we indicate with N a the particle number density per unit time.
Throughout the article we denote as ν µ (1) the muonic neutrino/antineutrino from the direct pion decay, π → µν µ , and ν µ (2) the neutrino/antineutrino from the consequent muon decay, µ → eν µ ν e .
The spectrum of neutrino from direct pion decay π → µν µ can be calculated as follow
are derived from the kinematic of the process; λ = 1−r π , with r π = (m µ /m π ) 2 , is the maximum energy fraction that the neutrino emerging from the direct decay can take from the pion.
The spectra derived by Eq. (4) have to be calculated, via Eq. (2), using the parameterization of the cross-section for π − : dσ π − (E π ; E p )/dE π , and for π + : dσ π + (E π ; E p )/dE π , given in [54] . The ν µ (1) emissivities (in erg/cm 3 /s), for both mesons, are shown in Fig. 5 . The total energy (erg), integrated over the whole region of emissivity, is given in Table I . 
Figure 5. Top panel: direct neutrino emissivity from π −decay. The profiles are shown at four selected radii for the expansion of the shell inside the ejecta: the radii r1,2,3 shown in Fig. 3 , and r4 = 2.6×10 10 cm. At r r4, the proton energy approaches (of course from above) the interaction threshold energy producing an emission cutoff that makes difficult to draw a spectrum for those positions keeping the same numerical resolution. Bottom panel: direct neutrino emissivity from π + -decay at the same radii. ν µ (2) and νe spectra
The neutrino spectra from the decay chain π → µ → ν can be calculated as:
(5) Here the pion production rate Q π is given in Eq. (3). The functions g(z) are taken from [57] and represent the ν spectra after the decay chain (π → µ → ν) and can be written, in the relativistic and ultrarelativistic limit (β π → 1, β µ → 1), in the following form (see [57] )
The function g(z) can be decomposed as the sum of an unpolarized spectrum, g 0 (z), plus a polarized one, g pol (z), g(z) = g 0 (z) + g pol (z). The functions G(z), polarized and unpolarized, can be found in the Appendix of [57] and are reported in the next paragraphs. Here the limit β π → 1 is well satisfied. Indeed, from the kinematics, we obtain that the Lorentz factor of the pions lies in the range 4.5 ≤ γ π ≤ 34.5.
a. Without polarization. In order to have an expression for the spectrum of the particles coming from the µ-decay, we have to insert Eq. (3) into Eq. (5), with g(z) given by Eq. (6). The equations for G(z) for ν µ (2) and for ν e (for unpolarized muon) are (see Appendix A in [57] ):
Inserting Eqs. (7) in Eq. (6) and Eq. (6) in Eq. (5), we can integrate this formula to get the spectra of ν µ (2) (with G(z) given by Eq. (7a)) and ν e (with G(z) given by Eq. (7b)). The minimum integration value E min derive from the kinematic and is the same for the two particles
The emissivities for ν µ (2) and ν e are shown, respectively, in Fig. 6 (for the particles from π − decay) and Fig. 7 (for the particles from π + decay). Let us consider now the case with polarization.
b. Within polarization. Since the muon can be polarized (µ + has on average negative helicity and µ − a positive helicity), the neutrinos produced by these muons depend on this polarization [57] . In order to get the spectrum of emerging particles, in Eq. (6), beside to Eq. (7a) and (7b) (for the unpolarized spectrum), we need to add similar functions of the polarized spectrum. The formula for the polarized spectrum are the following (see [57] )
(1 + r π ) y 2 + 8 9
(1 + r π ) + 2r π z y 3 − 4r π 3z y 4 (9) (1 − r π ) 2 − 2 (1 + r π ) ln(y)+ + 12(1 + r π ) + 4r π z y − 9 (1 + r π ) + 12r π z y 2 +
Then the formula for the spectra of νs coming from the decay chain π → µ → ν are given by g(z) = g 0 (z) + g pol (z), where g 0 (z) is the g(z) for the unpolarized particles, see Eqs. (7a) and (7b), and g pol (z) the one for polarized particles, see Eqs. (9) and (10). Inserting g(z) in Eq. (5), and integrating in energy, we obtain the spectrum of these emerging muons emerging. The minimum energy to choose for the integral is given by the same Eq. (8).
The emissivity of ν
µ andν e , from π − decay, are shown in Fig. 8 , while the ones forν µ (2) and ν e , from π + decay, are shown in Fig. 9 . 
C. Total luminosity and total energy release
As we have seen from the above formulation we can obtain the particle spectra at every radius r i , which we denote hereafter as Φ i a (E a ). Thus, the particle emissivity at every radius, i a , is given by
where E max π is the maximum pion energy derived from the kinematic of the process.
Then, the power ("luminosity") emitted in particles of type a, at the radius r i , is
where the integration is carried out over the volume V i of the emitting/interacting shell at the front position r i . The total emissivity and luminosity at the radius r i can be obtained as the sum of the contributions of all 
The energy emitted in a-type particles is given by
where the integration is carried out on the duration of the emission. Therefore, the total energy emitted in all the emission processes is
From the numerical simulation of the expanding shell inside the remnant, we know that the width of the shell is of the order of ∆r sh ≈ 3 × 10 8 cm. Since the mean free path of the interaction is much smaller than the shell width (see below), the interacting volume at the radius i is, approximately, V i = 4 π r 2 i λ i , where λ i is the meanfree path of the protons of energy E i p in the shell front. The mean-free path is given by λ i = (σ π ± A) −1 , where A (as before) is the baryon number density at the front, and σ π ± is the inclusive cross-section for π − and π + (see section 3 in [54] ). For π + and π − we have, respectively, 0.4 ≤ λ i π + ≤ 11 cm and 1.18 ≤ λ i π − ≤ 45 cm. Having defined this volume, we can calculate the luminosity L i a at each radius following Eq. (12), i.e. Fig. 10 shows as an example the luminosity L i a as a function of time, for a =ν µ (2) , within and without considering polarization effects.
Clearly, the luminosity is nonzero only in the region of the ejecta where pp interaction leads to a nonzero production of secondary pions. Therefore, the emission occurs till the instant when the shell reaches the radius r f = r 4 ≈ 4.79 × 10 10 cm, after which the proton energy is below the process energy threshold. Therefore, the emission time is very quick, of the order of ∼ 1 s. Indeed, the precise emission time-interval is ≤ 1.5 s, as it (2) µ and νe, within and without considering the polarization (only for the last two particles). If we sum all the energies for each particle considered, besides the ν µ (1) +ν µ (1) , only for the case without or whit polarization (we consider the case with polarization), we obtain a total energy release of 9.11 × 10 51 erg, that is ≈ 2.9% of the energy of initial energy of the γe ± plasma.
can be seen from Fig. 10 . We can now estimate the total energy emitted in each particle type via Eq. (15). The time interval of the emission, ∆t i , is the time the shell spends to cover the distance between r i−1 and r i with the velocity β i , ∆t i ≈ ∆r i /(c β i ), namely
where L i a is given by Eq. (17). The total energy emitted in every particle type, in the whole emitting region, is summarized in Table. I.
III. TEV PROTONS INTERACTING WITH THE ISM
We now consider the interaction of incident protons engulfed by plasma of γe ± in the direction of the circumburst medium (CBM) of low baryon load B < 10 −2 , with target protons of the ISM. Thus, the number density of the target is n ISM ∼ 1 cm −3 . This expanding plasma reaches transparency far away from the BH site, with ultra-relativistic Lorentz factor of up to γ p = Γ ∼ 10 3 . Therefore, we adopt here that the incident protons have energies ∼ 1 TeV.
For an isotropic energy of the plasma E e + e − ∼ 10 53 erg (see, e.g., Table 7 in [58] for examples of the energy released by BdHNe I), and a baryon load B = 10 −3 , the total number of protons is given by N p = BE e + e − m p c 2 = 6.65 × 10 52 .
We consider that the interaction with the ISM occurs in a spherical shell that we locate at a distance of between 10 16 ≤ r ≤ 10 17 cm from the BH site (see e.g. [51] ). In order to make the computation and obtain the spectra for this new interaction, we have followed another approach that we present below.
A. Second approach
In this section, since we are going to work now with high-energetic (E p ≥ 1 TeV) protons, we cannot use the same parameterization for the cross-section of inelastic pp interaction presented in [54] and used here for the high-density case. Indeed, the energy range of validity for that parameterization is between (0.3-50) GeV; too low for ours protons.
For these reasons, we now follow the approach described in [55] by Kelner et al., for the determination of the spectra of the emerging particles. In this paper, they study the pp interaction using the SIBYLL [59] and QGSJET [60] codes. They divide their studies in two energy region:
(where E a is the energy of the secondary product), they construct an analytical parametrization for the spectra of secondary particles, emerging from the decays of the π mesons and the µ leptons, and an analytic formula for the energy distribution of pions, considering different fixed interacting proton energies;
2. for E p ≤ 0.1 TeV, they consider a different proton energy distribution, that covers a wide energy range, and develop a method, based on the so called "δ−functional approximation" (see [61] ), to integrate the equations and obtain the spectrum of the specific particle, until the proton energy threshold for the production of π is reached.
Since we are working with protons energies ≥ 0.1 TeV, we focus only to the first method. Following [55] , we denote the energy distribution of protons as J p (E p ), in units cm −3 TeV −1 , which gives the number of protons per unit volume in the energy range between E p and E p + dE p . The secondary particles production rate in the energy interval (E a , E a + dE a ), Φ a (E a ) ≡ dN a /dE a , for E p ≥ 0.1 TeV, is given by
where n p is the density of the target protons (we assume it is 1 particles/cm 3 ), σ pp inel (E p ) is the inelastic pp crosssection, x ≡ E a /E p , c the speed of light and F a is the specific spectrum for the particle a that they derive, (and that we are going to use), with an accuracy better 10%.
The inelastic part of the total pp cross-section is represented, by Kelner et al., mean the following formula:
with L = ln(E p /1 TeV). For the case E p ≤ 0.1 TeV, Eq. (21) has to be multiplied by the factor 1 − (E Th p /E p ) 4 2 , to take into account the threshold for the pion production. In the parametrization of [55] , it is considered both π + and π − derived by pp interaction, without distinguishing between electron and positron, as well as between neutrino and antineutrino. The reason for this is that the production of π + exceeds only a little bit that of π − and this effect is smaller than the accuracy of the approximations made in the analysis. Since now we follow their treatment, this implies that our calculations also include the contribution of antiparticles (e.g π + and π − , µ + and µ − etc.).
Particles spectra
In order to get the emissivity of each specific particle mean Eq. (20), we need to specify our protons energy distribution J p (E p ). We are considering only protons with fixed energy, then we can write it as J p (E p ) = Aδ E p − E 0 p , where E 0 p is our proton fixed energy (E 0 p = 1 TeV). the constant A is the ratio between the number of interacting protons in the considered volume: A = N p /V (in particle/cm 3 ). The volume is calculated as V = 4π r 3 2 − r 3 1 /3, with r 1 = 10 16 cm and r 2 = 10 17 cm, instead the number of protons is derived in Eq. (19). Since we are working at high energies, in the lower limit of the integral in Eq. (20) we can put easily E ν µ (1) , E ν µ (2) , E νe , instead of the limits used in section II B.
For this interaction, we can calculate the total emitted luminosity following the same procedure of section II C. After the integration of the emissivity over the energies, we can get the total luminosity emitted multiplying by the volume V given above, instead of making a differential integration in volume (as in eq. (12)). Figure 11 . High-energy muonic neutrino emissivity from direct pion decay, (ν µ (1) ), created by the interaction of proton with energy of Ep = 1 TeV against proton of the ISM at rest (n ISM p = 1 cm −3 ).
The muon neutrino from direct pion decay (π → µν µ ) is given by the same Eq. (20), with F ν (1) µ E νµ /E 0 p , E p given in [55] . The respective emissivity is shown in Fig. 11 .
As one can see in Fig. 11 , the spectrum has a sharp cut-off at x = 0.427. This effect is due to the kinematics of the process since, at high energy, this neutrino can take only a factor λ = 1 − r π = 0.427 of the pion energy. The integrated luminosity, calculated by Eq. (12), results to be equal to: L ν µ (1) = 5.35 × 10 36 erg s −1 . The total energy emitted in ν µ (1) inside this region is given by this L ν µ (1) times the time that the protons shell spent to cross the entire ISM region with energy of 1 TeV: ∆t = ∆r c β = 3 × 10 6 seconds. This results in a total energy of E ν µ (1) = 1.605 × 10 43 erg. ν µ (2) and νe from muon decay
The muon neutrino luminosity from muon decay can be calculated from Eq. (20), with the specific F a (x, E p ), for each particle, given in [55] . The spectrum of ν µ (2) and ν e can be represented by the same function (with an accuracy less than 5% for ν e ). The emissivity is shown in Fig. 12 . Differently from the ν µ (1) , the energy of these particle can reach at maximum the energy of the µ, which one has no constrain to reach a fixed specific quantities of the pion energy (E max µ ≈ E π ). Comparing these plots with the one for the same particles obtained in the previous section, we can deduce the relevant differences. The first is in the emissivity. Between the two approaches there are 46 orders of magnitude of difference. This is principally because of the Figure 12 . ν µ (2) (and νe) emissivity from µ decay, produced as in Fig. 11 . different values of the involved densities, since the physical conditions of the two interactions are quite different. Indeed we have:
1. in the first case, the constants A and n p (respectively, the number density of the interacting and the target particles) are: A ∼ 10 25 cm −3 and n p ∼ 10 23 cm −3 . Then their product is of the order of 10 48 cm −6 ;
2. in the second case, the same constants assume the values: A ≈ 15 cm −3 and n p = 1 cm −3 . Then their product is of the order of 10 15 cm −6 .
We then deduce that the difference in the emissivity is due to density effects. Another difference between the two cases resides in the two types of cross-sections. Fig. 13 shows the total inelastic cross-sections used in this paper. The cross-sections (σ π 0 , σ π + , σ π − ) correspond to the energy integrated differential cross-sections used in the II (also if we did not use the one for π 0 ), while σ inel to the one in III. The order of magnitude of the two types of parameterization is the almost the same: the [55] one dominate at E p ≤ 10 GeV, instead the [54] one at E p ≥ 6 GeV. 2 We need also to note that the parameterization of Kelner et al. [55] takes into account the polarization effects and they do not distinguish between π − and π + or µ − and µ + (and, consequently, for the other particles and their antiparticles). The integrated luminosity, calculated by Eq. (12), results to be equal to: L ν µ (2) ,νe = 6.6 × 10 36 erg s −1 . As we have done for the ν µ (1) case, the total energy emitted in ν µ (2) results to be E ν µ (2) = 1.98 × 10 43 erg. Figure 13 . Proton-Proton total cross-sections, for production of neutral and charged pions, for the Blattnig et al. [54] (σ π 0 and σ π ± ) and Kelner et al. [55] (σ inel ) parameterization.
IV. SUMMARY, DISCUSSION AND CONCLUSIONS
In this work we have computed the neutrino production via pp interactions occurring within the BdHNe I scenario for energetic long GRBs, which we have recalled in section I. From the dynamics of the BdHN I, it follows that the SN ejecta, due to the accretion and to the BH formation, becomes highly asymmetric around the newborn BH site. Therefore, the e ± plasma created in the BH formation process, during its isotropic expansion and self-acceleration, engulfs different amounts of matter of the surrounding SN ejecta, depending on the direction (see Fig. 2 ). This asymmetry leads to a directiondependent Lorentz factor for the engulfed protons in the expanding shell.
From this scheme, we have here studied two different types of physical set-up for pp interactions that cover the generality of the system. In the first part of the article, see section II, we studied the pp interactions inside the SN ejecta. For a quantitative estimate, we have adopted numerical values from recent hydrodynamical simulations [62] achieved through an implementation of the PLUTO code [56, 63] . The γe ± expanding plasma engulfs protons of the ejecta with a baryon load parameter B = 51.75 and accelerates them up to energies of ∼ 7 GeV (γ p ≤ 7). This region is characterized by a number of target protons (at rest) of n remn ∼ 10 23 cm −3 , while the number density of the front of the shell, in the whole considered region, is almost constant, n sh 10 25 cm −3 .
In order to calculate the emissivity of the emerging particles, and because of the low energetic interacting protons, we have used for this case the parametrization of the pion production cross-section presented in [54] . The obtained spectra show that, from this high-density region, the neutrinos have energies E ν µ (1) ≤ 2 GeV and E ν µ (2) , E νe < 5 GeV, with associated total energy (inte-grated over the whole emitting region) ∼ 10 50 -10 51 erg (see Table I for the total energy of each particle).
We have calculated that in the high-density region, the particle production occurs in the first ∼ 1.5 s of the shell expansion (see Fig. 10 ). At later times, the energy of the protons in the shell is below the threshold for any pp interaction with the target protons in the remnant.
We have found that the emerging particles from µ decay are not effected by the polarization of the parent muon (compare spectra in Figs. (6)-(7) with Figs. (8)-(9)).
In the second part of the paper, see section III, we have considered the expansion of the shell in the direction of low baryon load, where we adopted B = 10 −3 (see, e.g., [36, 62] ). Here, the expanding γe ± plasma engulfs a small quantity of baryons in the cavity around the BH [44] , allowing a self-acceleration that brings the engulfed protons to energies of up to E p ∼ 1 TeV (γ p ∼ 10 3 ). In order to obtain the final emissivity, here we use the parametrization of the cross-section and of the emerging particles spectra presented in [55] . In this case, we obtained a wider range of neutrino energies 1 ≤ E ν ≤ 10 3 GeV (depends on different particles), with associated total luminosity of L ν µ (1) = 5.35 × 10 36 erg s −1 , and L ν µ (2) ,νe = 6.6 × 10 36 erg s −1 .
We found that the secondary particles spectra follow approximately a cutoff power-law function ( see, for example, Fig. 6 or (11) ), with spectral index 1 ≤ α < 3 (depending on the considered particle and interaction). The power-law term usually derives from the spectral index of the primary interacting protons (see, for example, [64] ). But, since we have considered a spherical expansion of the photon-lepton-baryon shell, and a fixed proton energy distribution (at each radius of the expansion), we deduce that the power-law term is intrinsic in the considered process. The exponential decay is explained by the kinematic of the process, since only a fraction of the initial incident proton energy is taken by the secondary neutrino (both from direct pion decay and muon decay). To be more specific, a fraction of the parent proton energy is taken by the pion; for the direct pion decay, the ν µ (1) can take, at maximum, a fraction λ of the pion energy, while the muon can take, at maximum, the entire pion energy.
A precise estimate of the detection probability of these neutrinos is out of the scope of the present work and we plan to addressed it elsewhere. However, on the basis of the present results, we can express some considerations for the Earth's neutrino detectors.
In general, the cosmological distances at which GRB occur make the neutrino detection very challenging because of the very low neutrino flux arriving to the Earth. As we shall show below, it is indeed the distance to the source the main problem for the current detection probability.
For the low energy neutrinos (E ν ≤ 2 GeV, at the production site, i.e. in the source frame) coming from the high-density region, there are additional considerations:
• a lower energy neutrino has a lower probability to interact with a nucleon (N ) (proton or neutron) in the detector material via the reaction ν + N → µ + N (where N is another nucleon). Indeed, the cross-section for this reaction is σ νN ∼ 10 −39 cm 2 (see for example [65] , [66] ), for these low energy neutrinos (see below). In addition, the arrival neutrino energy is redshifted by a factor 1 + z with respect to the energy in the source frame;
• at such low energies, there is much background noise by atmospheric neutrinos, created in the atmospheric showers by cosmic rays and solar neutrinos.
The high energetic neutrinos coming from the interaction in the low-density region could be, in principle, more easily detected than the previous case. At these energies (E ν ≤ 10 3 GeV), there is no background noise from atmospheric neutrinos or solar neutrinos and the cross-section σ νN is higher, i.e. σ νN ∼ 10 −37 cm 2 (see, e.g. [65, 66]). The cross-sections considered here are from [65] and [66] , where are considered total charged current cross-sections including quasi-elastic scattering (ν+N → l+N , with l a lepton), single meson m production (ν +N → l +N +m) and deep-inelastic scattering (ν +N → l +N + hadrons). However, as we have shown, in the low density interaction the resulting energy released in much less, making the detectability of these neutrinos with higher energy even much more difficult than the ones produced in the high density interaction (see below).
At this point, we can try to have a rough estimate of the probability of detection of these neutrinos calculating the number of neutrino that a detector can see. We focus our attention on the SuperKamiokande detector. This detector has a wide energy range for neutrino (from a few MeV up to 100 PeV). The characteristic of this detector, that we need for our calculations, is only the effective detection volume of 22.5 kton (see [67] ).
We now estimate the detection horizon for the neutrinos studied here. For this, we use the best experimental conditions therefore we use the peak neutrino luminosity and the corresponding neutrino energy.
The number of neutrinos per unit of area that arrives to the detector. This quantity is roughly given by
where E ν is the total energy emitted during 1 s in neutrinos of energy E ν , D is the distance of the source, and E * ν = E ν /(1 + z) is the redshifted neutrino energy, being z the cosmological redshift of the source. Therefore, we can obtain the number of detectable neutrino, N det ν , as the number of neutrino per unit of area that arrives to the detector, given Eq. (22), times the cross-section for the neutrino-nucleon interaction, σ νN , times the number of probable interacting baryon in the detector, N det b . The latter is given by the total interacting mass inside the detector times the Avogadro number N A . For the SuperKamiokande, N det b = (22.5 kton) × 6.022 × 10 23 = 1.35 × 10 34 baryons.
From the definition of N det b given above, from Eq. (22) and from the Hubble-Lemaître law, cz = H 0 D h (with H 0 = 72 km s −1 Mpc −1 ), we can obtain the neutrinodetection horizon, D h , i.e. the distance to the source for which we have N det ν = 1:
where K = E ν σ νN N det b /(4πE ν ). In Table II , we summarize the value of D h for ν µ (1) and ν µ (2) , in the case of both the high and low density regions. The total energies emitted for the specific neutrinos are summarized in Table I . The neutrino energy E ν is obtained averaging the spectra over the energy and the radius. Table II . Horizon distances D h for ν's from direct pion decay and µ decay, for the high and low density region cases. We recall that Eν is the neutrino energy, Eν is the total energy emitted in those neutrinos, and σνN is the cross-section relevant for the detection at the specified neutrino energy. For the high density region, the consideredν's come from the π + decay since, as one can see from Table I , they have the highest energy emitted.
With the Hyper-Kamiokande detector (see [68] ), with an effective detection volume of 560 kton, for instance for the particles emitted in the high density case (see energies and cross-sections in Table II) , we obtain horizon distances 2.57 Mpc and 4.60 Mpc, for ν µ (1) and ν µ (2) , respectively. This analysis suggest us that this detector has more chances to have a direct detection of neutrinos, as an outcome of the pp interactions analyzed here from BdHNe I. 
